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The Baryon Acoustic Oscillation (BAO) scale in the clustering of galaxies is a powerful standard
ruler to measure cosmological distances and determine the geometry of the Universe. Past surveys
have detected the BAO feature in the clustering of different galaxy samples, most of them composed
of redder, quiescent galaxies and bluer, star-forming ones out to redshift z ∼ 1. Besides these
targets, new upcoming surveys will observe high-redshift galaxies with bright nebular emission lines
out to z ∼ 2, quasars and Lyman-α quasars at z > 2. All these different galaxy targets will be
used as multi-tracers of the same underlying dark matter field. By combining them over wide
cosmological volumes, we will be able to beat cosmic variance and measure the growth of structure
with unprecedented accuracy. In this work, we measure the BAO scale in the two-point auto-
and cross-correlation functions of three independent populations of multi-tracers extracted from the
SDSS DR7 Main galaxy sample at redshift 0.02 < z < 0.22. Combining their covariances, we find
accurate constraints on the shift parameter α = 1.00± 0.04 and DV(z = 0.1)/rs = 2.92± 0.12.
I. INTRODUCTION
During the last decades, observations have led to the
general acceptance that the Universe is in a phase of
accelerated expansion. In a homogeneous and isotropic
Universe, the simplest way to account for such expansion
is to introduce a constant term in the Einstein equations,
dubbed as cosmological constant (Λ). Based on recent
observations [1–3] and on the simplicity of the model,
the cosmological constant is still the most accepted dark
energy candidate responsible for the acceleration of the
Universe. Despite of its simplicity, such a scenario has
raised several theoretical issues, which have led cosmol-
ogists to invoke more sophisticated dark energy models
without succeeding on the task, see [4]. An alternative
approach suggests that we would need to modify the laws
of gravity and make it weaker at larger scales to mimic,
phenomenologically, the observed expansion [5, 6].
The fundamental observables that trace the dynam-
ics of the Universe are the Hubble parameter H(z) and
the angular diameter distance DA(z), which are directly
connected to the properties of matter and quantify the
overall expansion of the Universe. Observational explo-
ration is necessary to provide an indication about the
dynamics of the Universe. One way of understanding
this is to measure distances at different epochs. Modern
cosmology has been revolutionised when the definition
of standard ruler [7] was introduced: a distance scale
in the Universe whose size and evolution with redshift
are known. An ideal candidate is the Baryon Acoustic
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Oscillation scale (BAO; [2]) observed at the last scatter-
ing surface in the Cosmic Microwave Background (CMB)
radiation. This feature represents the width of the pri-
mordial density fluctuations that propagate as acoustic
waves in the early baryon-photon fluid. Such a distance
can be decomposed into a radial, H(z), and a transverse,
DA(z), direction, which allow us to measure the expan-
sion history of the UniverseGreen:2012mj. If the stan-
dard cosmological model, i.e. the structures that we see
today, have been generated by gravitational collapse of
the primordial seeds in an expanding, homogeneous and
isotropic Universe, then we should see an excess of bary-
onic matter in the distribution of galaxies at the same
comoving scale. This excess of baryonic matter is visible
as a prominent peak around 110h−1Mpc in the galaxy
two-point correlation function. The first detection of the
BAO peak happened in SDSS [2] and was then confirmed
by 2dFGRS [8], BOSS [9] and WiggleZ Dark Energy Sur-
vey [3], VIPERS [10] and eBOSS [11].
New upcoming surveys, such as the Dark Energy Spec-
troscopic Instrument (DESI) [12, 13], Euclid [14, 15],
Subaru Prime Focus Spectrograph (PFS) [16, 17], the
Large Synoptic Survey Telescope (LSST) [18], or the
Wide Field Infrared Survey Telescope (WFIRST) [19,
20], will observe tens of hundreds of millions of galax-
ies positions and spectra covering enormous cosmolog-
ical volumes and extend the observations at very high
redshifts (z ∼ 2 − 3). These observations will map the
late time dynamics of the Universe with unprecedented
precision (few percents on the final cosmological param-
eters [21]). It is therefore imperative to gain as much
information as possible from these data sets.
One statistical limitation of measuring the cosmologi-
cal parameters is due to the cosmic variance effects in the
survey volume. Recently, it was shown [22, 23] that by
cross-correlating different dark matter tracers over wide
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2cosmological volumes it is possible to beat cosmic vari-
ance, dramatically reducing the uncertainties on the ob-
servables. In fact, while the effective volume still remains
a limitation, the relative information between different
species is not. In this paper, we show that using a multi-
tracer approach we can lower the errors on the scale dis-
tortion parameter α. In particular, we use luminous red
galaxies and emission line galaxies as tracers to map the
dynamics of the Universe at z ∼ 0.1.
The paper is organised as follow: in Section II, we
describe the observational samples of multi-tracers used
in the analysis; in Section III, we infer the measurements
and observables considered; in Section IV, we explain
the methodology used in the analysis. We conclude by
presenting and discussing our main results in Section V.
II. DATA
We analyse three independent galaxy populations se-
lected from the SDSS DR7 Main galaxy sample [24], each
one composed of a different tracer, and all of them cov-
ering the redshift range 0.02 < z < 0.22. Specifically,
these samples are: two selections of emission line galaxies
(ELGs), one of [O ii] [25] and another one of Hα emitters
[26], plus a selection of luminous red galaxies (LRGs)
[27]. These are the only galaxy multi-tracers currently
available in the nearby Universe. The SDSS Main parent
sample, which is brighter than r = 17.77, and covers and
effective area of 7300 deg2 [28], was extracted from the
NYU-Value Added Galaxy Catalogue1 [29] and it was
spectroscopically matched (i.e. matching the redshifts)
to the MPA-JHU2 DR7 release of spectral measurements
to assign emission line properties.
We consider only ELGs with well measured spec-
tra, i.e. those with the flag ZWARNING = 0, and with
good signal-to-noise, i.e. S/N > 5. Both [O ii] and
Hα ELG samples have specific star formation rate of
log(sSFR/Myr−1) > −11 and line equivalent width of
EW > 10 A˚ to guarantee that we are selecting only very
star-forming galaxies. In addition, they are both lim-
ited in flux at 2 × 10−16erg cm−2 s−1 to match the Eu-
clid nominal expected depth and flux limit [30] at higher
redshift. The LRG sample includes only galaxies with
log(sSFR/Myr−1) < −11, which are all quiescent.
The observed (i.e. attenuated by dust) [O ii] and Hα
ELG luminosities are computed from the corresponding
flux densities F as:
L [erg s−1] = 4piD2L10
−0.4(rp−rfib)F , (1)
where DL is the luminosity distance as a function of cos-
mology and the exponent is the SDSS fibre aperture cor-
rection written in terms of the r-band petrosian and fibre
1 http://cosmo.nyu.edu/blanton/vagc/
2 http://www.mppg.de/SDSS/DR7/
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FIG. 1: Galaxy number density, as a function of redshift, of
the SDSS Hα, [O ii] and LRG samples at 0.02 < z < 0.22.
magnitudes. For further details on the luminosity calcu-
lations, we refer the reader to [25, 26].
Fig. 1 shows the galaxy number density of the SDSS
Hα, [O ii] and LRG samples as a function of redshift.
Compared to the SDSS Main sample in [31], our galaxy
selections cover a larger area (we consider both North
and South Galactic Caps) and span a slightly differ-
ent redshift range. Therefore, it is not surprising that
our galaxy number densities differ from [31]. In partic-
ular, our n(z) values are large enough to ensure that
the SDSS Hα, [O ii] and LRG samples are limited by
cosmic variance (i.e., n(z)P (k) > 1) at z < 0.22 for
k < 0.095, 0.093, 0.071hMpc−1, respectively.
III. MEASUREMENTS
In Large Scale Structure (LSS) analysis, galaxies can
be thought as point-like objects in space-time that
move along with the expansion of the Universe, forming
bounded structures due to their gravitational interaction.
By analysing their positions, we can gain information on
the underlying theory of gravity. One method consists in
quantifying how many objects are present in a given cos-
mological volume. This method relies on the two-point
correlation function (2PCF), which is the excess proba-
bility over randoms of finding two galaxies separated by
a distance s in redshift-space.
We measure the two-point auto- and cross-correlation
functions of the three galaxy tracers defined in Sec. II
using the Landy and Szalay estimator:
ξµν(s) =
DµDν(s)−DµRν(s)−DνRµ(s)
RµRν(s)
+ 1 , (2)
where s =
√
pi2 + r2p represents the redshift-space dis-
tance as a function of the parallel (pi) and perpendic-
ular (rp) components to the line of sight, while µ and
3ν are the tracers. The DD, DR and RR terms are
the normalised and weighted data-data, data-random
and random-random pair counts formed from the ob-
served galaxies and the synthetic randoms. We use the
equal surface density randoms from the NYU-VAGC.
The weighting scheme adopted for the pair counts is
w = wfcwangwFKP for data and w = wFKP for ran-
doms. The wfc term represents the fibre collision weight
(in SDSS fibres cannot be placed closer than 55”). The
angular weight wang = 1/fgot accounts for the angular
sector completeness, and the FKP [32] one,
wFKP =
1
1 + n¯(z)P0
, (3)
corrects for any fluctuation in the number density of trac-
ers. In Eq. (3), n¯(z) is the expected number density of
a galaxy at redshift z and we set P0 = 16000h
−3Mpc3,
which is close to the amplitude of the SDSS power spec-
trum at k = 0.1hMpc−1 [31].
We estimate the uncertainties on the SDSS clustering
measurements via 200 jackknife re-samplings [33–37] con-
taining about the same number of data (randoms) each.
The covariance matrix for each 2PCF is calculated as
[34, 37, 38]:
Cˆij =
Nres − 1
Nres
Nres∑
a=1
(ξai − ξ¯ai )(ξaj − ξ¯aj ) , (4)
where the pre-factor takes into account that in every re-
sampling Nres − 2 sub-volumes are the same [35], and ξ¯i
is the mean jackknife correlation function in the ith bin:
ξ¯i =
Nres∑
a=1
ξai /Nres . (5)
The full covariance matrix for all the tracers is built by
combining the individual ones in Eq. (4) as:
Cˆ =
 CˆHα−Hα CˆHα−[OII] CˆHα−LRGCˆHα−[OII] Cˆ[OII]−[OII] Cˆ[OII]−LRG
CˆHα−LRG Cˆ[OII]−LRG CˆLRG−LRG
 . (6)
The inverse of the covariance matrix, the so-called “pre-
cision matrix” Ψˆ ≡ Cˆ−1, requires some corrections.
In fact, Eq. (6) is obtained from a limited set of re-
samplings, Nres, and it has an associated error which
propagates into the precision matrix. Following [39], we
implement two corrections to obtain an unbiased esti-
mate of the precision matrix and to reduce the noise in
its off-diagonal terms. The bias correction consists in
multiplying Cˆ−1 by the Hartlap factor [40], which ac-
counts for the limited number of re-samplings and the
number of bins nb in our measurements of ξ:
Ψˆ =
(
1− nb + 1
Nres − 1
)
Cˆ−1 , (7)
The noise correction, also known as “covariance taper-
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FIG. 2: Normalised covariance matrices obtained from the
monopole cross-correlation functions of the SDSS galaxy trac-
ers. From top to bottom: Hα-[O ii], Hα-LRG and [O ii]-LRG.
ing” [41], can be applied to both covariance and precision
matrices. The idea of this method is to neglect the cor-
relation between data pairs far apart through a kernel
function of the Mate´rn class. Such a correction relies on
the tapering matrix Tij ≡ K (||si − sj ||), which is defined
as a monoparametric Kernel function [39, 42, 43] depend-
ing on the physical scale of the tracers that we are cor-
relating. This kernel also includes a tapering parameter
Tp, which identifies the interval where K(x) takes non-
zero values, guaranteeing a vanishing correlation between
pairs for larger distances. The final corrected precision
matrix is:
Ψˆ =
(
1− nb + 1
Nres − 1
)(
Cˆ ◦ T
)−1
◦ T , (8)
where the ◦ symbol indicates the Hadamard product.
In our analysis, we assume a tapering parameter Tp =
50h−1Mpc to ensure that the entire covariance matrix
is positive semi-definite. Fig. 2 shows the normalised
4covariance matrices obtained from the monopole cross-
correlation functions of the SDSS Hα-[O ii], Hα-LRG and
[O ii]-LRG multi-tracers.
IV. METHODOLOGY
The real-space two-point correlation function ξ(r) is
the spatially isotropic Fourier transform of the matter
power spectrum P (k) defined as:
ξ(r) =
1
2pi2
∫
P (k)
sin(kr)
kr
k2dk . (9)
The position of the BAO peak inferred from Eq. (9) is
expected to appear around 110h−1Mpc, which is well
beyond the scales of virialised objects. This implies that
the non-linear gravitational effects can be safely ignored.
For the power spectrum we use the template [44]:
P (k) = [Plin(k)− Pdw(k)] e−k2Σ2nl/2 + Pdw(k) , (10)
where Plin(k) is the linear matter power spectrum calcu-
lated using the Boltzmann code CLASS [45], and Pdw(k)
is the de-wiggled power spectrum [46], both using Planck
2015 [47] fiducial cosmology. The Σnl parameter accounts
for the smoothing of the BAO peak due to non-linear ef-
fects [48].
We compute the theoretical correlation functions
needed to fit the SDSS multi-tracer measurements by ap-
plying Eq. (9) with the power spectrum given in Eq. (10).
We model the BAO signal as [49]:
ξmodel(s) = Bξ(αs) + a0 +
a1
s
+
a2
s2
, (11)
where a1, a2, a3 are linear nuisance parameters and B ac-
counts for all possible effects on the clustering amplitude,
such as the linear bias, the normalisation of the power
spectrum, σ8, and the redshift space distortions [49]. In
addition, we introduce the shift parameter α which takes
into account the distortion between distances measured
in the data due to the fiducial cosmology chosen to build
the estimator. This is defined as [44]:
α =
DV
rs
rfids
DfidV
, (12)
where rs represents the sound-horizon [46, 50] and DV is
the volume-averaged distance defined as [2]:
DV(z) =
[
cz(1 + z)2D2A(z)H
−1(z)
]1/3
, (13)
where DA(z) and H(z) are the angular diameter distance
and the Hubble parameter at redshift z, respectively.
We use a Monte Carlo Markov Chain (MCMC) based
on a Metropolis-Hastings algorithm3 to find the optimal
3 https://emcee.readthedocs.io/en/stable/
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FIG. 3: Shift parameter α as a function of redshift from dif-
ferent BAO measurements: 6DFGs [51], MGS [31], DES [52],
WiggleZ [3], Lowz-BOSS [53], CMASS-BOSS [49] and Lyα-
BOSS [54]
.
parameter values. We assume a likelihood function of the
form L ∝ exp(−χ2/2), where the χ2 is computed as:
χ2(α,B) = (~ξmodel − ~ξobs)T Ψˆ(~ξmodel − ~ξobs). (14)
In the equation above, ~ξmodel is the theoretical correla-
tion function given in Eq. (11), ~ξobs is the observed one,
both grouped in a vector at each position, and Ψˆ is the
precision matrix given in Eq. (8).
V. RESULTS AND DISCUSSIONS
In this analysis, we have considered different model sce-
narios with an increasing level of complexity. Our main
results are summarised in Tab. I and shown in Fig. 3,
together with previous results from literature. First, we
use the model given in Eq. (11), which has 5 parameters
(5p) common to all the targets: (B, α, a0, a1, a2). This
is equivalent to assume that all the targets respond in the
same way to the gravitational interaction and expansion.
The second model we test is a modification of Eq. (11),
with 13 independent parameters (13p): α, common to all
the targets, plus three different sets of (B, a0, a1, a2).
The last model used is again a modification of Eq. (11),
with three different sets of (B, α, a0, a1, a2) i.e., 15 pa-
rameters (15p) in total. As a test, we also report the
analysis performed using only LRG target. In the 5p
scenario, we find a shift parameter of α = 1.00 ± 0.04,
while in the 13p model α = 1.01 ± 0.04. In the 15p sce-
nario, we find α = 1.02 ± 0.04 for both Hα and [O ii],
and α = 0.97 ± 0.05 for LRGs. The latter is consistent
with α = 0.96 ± 0.07 found using only LRGs, which is
directly comparable to the results at z ∼ 0.15 by [31] and
at z ∼ 0.35 by [55].
5Models: 5p 13p 15p LRG
αHα - - 1.02
0.04
0.03 -
αOII - - 1.02
0.04
0.04 -
αLRG - - 0.97
0.05
0.05 0.96
0.07
0.06
α 1.000.040.04 1.01
0.04
0.04 - -
TABLE I: Best-fit constraints from our models.
For our fiducial cosmology, we find a volume-averaged
distance of DfidV (z = 0.1) = 429.90 Mpc, and D
fid
V (z =
0.1)/rfids = 2.92. By combining Eq. (12) with the con-
straints obtained on α, we find that the 1σ uncertainty
on DV/rs is ∼ 0.12. Assuming rs = 147.41 Mpc [47], we
find DV = (435.07± 17.14) Mpc.
Our study relies on the jackknife covariance matri-
ces from SDSS data, corrected from bias and noise (see
Sec. III), whereas [31] use covariances from synthetic
mock catalogues. As shown by [34] and [56], jackknife
returns reliable covariance estimates only on large scales,
that are the scales of interest in our cosmological analysis.
Hence, we do not expect our results to change substan-
tially if covariance matrices from mocks were used.
Another difference between our analysis and [31] is the
fact that we do not reconstruct the density field. The
main idea of BAO reconstruction [57, 58] is to smooth
the linear matter density field and to sharpen the acoustic
peak in the correlation function. This method has the ad-
vantage of accurately constraining the non-linear param-
eter Σnl. In our analysis we find Σnl ∼ 20 Mpch−1, while
[31] find Σnl ∼ 5 Mpch−1. A lower value of Σnl provides
a better signal and tighter constraints on both B and α.
Our results are fairly compared and in agreement within
1σ with the pre-reconstruction value of α = 1.01 ± 0.09
from [31] for LRGs only. The uncertainty we find on α
using our multi-tracer analysis is 0.04, identical to the
post-reconstruction estimate by [31], and 44% smaller
than their pre-reconstruction value. Hence, we expect
that by implementing reconstruction on mocks for galaxy
multi-tracers, we will be able to significantly reduce our
current error. This result highlights the great potential-
ity of combining different tracers to constrain more ac-
curately the cosmological parameters.
We remind the reader that for all the models used in
this work we assumed flat priors, differently from [31],
where Gaussian priors are considered. Flat priors are
less informative, but they do not rule out any region of
the parameter space.
We have performed a cosmological analysis on the
LRG, Hα and [O ii] ELG multi-tracers currently avail-
able at z ∼ 0.1. For the future, we plan to extend the
multi-tracer methodology tested here to the upcoming
data sets from the new spectroscopic surveys, such as
DESI or Euclid. Our ultimate goal is to include syn-
thetic mock catalogues for galaxy multi-tracers testing
the impact of BAO reconstruction on our results. This
will enable us to improve the multi-tracer covariance es-
timates on all scales, and hopefully we will be able to put
tight constraints on the non-linear redshift-space distor-
tions.
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